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SUMMARY 
A matrix solution for the  spanwise bending moments and deflections 
of a tors ional ly  r ig id  ro tor  blade subjected t o  an a rb i t r a ry  loading is  
presented. The method includes the cantilever,  teeter ing,  and hinged 
blades i n  hovering and i n  steady forward f l i g h t .  The method is compara- 
t i ve ly  short, involves on ly  standard matrix procedures, and does not 
require t h a t  the mode shapes or natural  frequencies be known. 
INTRODUCTION 
Numerous methods are available f o r  calculating the uncoupled span- 
wise bending moments and deflections of ro tor  blades i n  steady unaccel- 
erated f l i gh t .  Some of these methods (refs. 1 and 2) involve tabular  
solutions of the d i f f e r e n t i a l  equation of blade deformation. These 
tabular procedures are very lengthy, par t icu lar ly  when numerous loading 
conditions and ro tor  speeds are being investigated. Other methods 
( r e f s .  3 and 4) require the  calculation of the natural-mode shapes and 
frequencies of the blade. The calculations of mode shape and frequency 
are laborious and e i the r  must be repeated f o r  each ro tor  speed o r  an 
approximate correction must be applied t o  account f o r  the e f f ec t s  of 
rotor  speed. A matrix method which avoids some of the  d i f f i c u l t i e s  of 
the  tabular and modal solutions is  presented i n  reference 5 ;  however, 
tabular solutions of the equation f o r  blade bending moment under quasi- 
s t a t i c  conditions are required before the  method can be applied. 
I n  the present method the d i f f e r e n t i a l  equation f o r  blade bending 
moment i s  solved en t i r e ly  by matrix procedures. The method permits the 
determination of the bending moments and deflections d i rec t ly  without 
preliminary quasi-static,  mode-shape, or natural-frequency calculations 
and, as a resu l t ,  the method is shorter and much work i s  eliminated. 
The method i s  adaptable t o  cantilever, semirigid ( tee te r ing) ,  and f u l l y  
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articulated (hinged) blades i n  hovering and i n  steady forward f l i gh t  and 
is applicable t o  design calculations and experimental data analyses. 
The d i f fe ren t ia l  equation for  the blade bending moment i s  composed 
of matrix expressions for  the centrifugal iner t ia ,  ver t ical  iner t ia ,  and 
damping loadings, and the contribution of each term t o  the blade loads 
and moments may be determined. The effect  of blade s t ructural  damping, 
which has been omitted i n  other methods, is included i n  the present 
method. Comparisons are presented between the bending moments obtained 
by t h i s  method and the method of reference 3 for  the first harmonic 
loading on a fu l ly  art iculated blade and the second harmonic loading on 
a cantilever blade. 
SYMBOLS 
Some of the symbols l i s t e d  i n  t h i s  section are i l lus t ra ted  i n  
figure 1. 
A 
a 
C 
E1 
F 
blade-element average aerodynamic damping coefficient, 
- -  1 r, lb-sec2 
2 in.  
blade -element l i f t  -curve slope , per radian 
blade chord (at center of blade element), in.  
blade bending stiffness,  lb-in.2 
centrifugal force acting on mass of blade element divided 
by $, lb-sec2 
structural  damping coefficient 
perpendicular distance from axis of rotation t o  flapping 
I 
hinge, in. 
imaginary component of complex number, 
blade running load, lb/in. 
J-1 
load on blade element, lb 
bending moment, lb-in. 
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m 
ne 
R 
r 
clr 
v 
ZM 
Z 
B 
P 
Subscripts: 
a 
C 
d 
H 
i 
mass of blade element, 1b-sec2 in.  
number of blade elements fo r  extended matrices 
distance from center of hub t o  blade t i p ,  in.  
spanwise distance from center of hub (measured along 
undeflected blade) , in. 
width of blade element, in.  
forward velocity, in./sec 
elements of an influence coefficient matrix (see table 111) 
blade deflection, measured from a plane of rotation per- 
pendicular t o  shaft axis, in.  
rigid-blade flapping angle, measured from a plane of 
rotation perpendicular t o  shaft axis, radians 
angle of f lexible blade at  hinge, measured from a plane 
of rotation perpendicular t o  shaft axis, radians 
blade slope due t o  blade bending, dz/dr, radians 
rotor angular velocity, radians/sec 
angular frequency of applied loading, radians/sec 
l b  - se c2 
4 in .  
ais density, 
blade azimuth angle (measured i n  direction of blade 
t ion from downwind position), radians 
aerodynamic 
cosine component 
damping 
due t o  forces paral le l  t o  plane of rotation 
iner t ia  
rota- 
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L pertaining t o  a load s t a t ion  
r 
S 
pertaining t o  a spanwise s t a t ion  
s t ruc tura l  
S s ine component 
1,2,. . .n 
v 
W blade weight 
Z deflection 
f centrifugal loading 
s t a t ion  number or  number of harmonic 
due t o  forces perpendicular t o  the plane of rotat ion 
A dot over a symbol indicates f i rs t  derivative with respect t o  t i m e .  
Two dots indicate second derivative w i t h  respect t o  time. 
Matrix notation: 
c 1  rectangular o r  square matrix 
c l i  diagonal matrix 
column matrix 
inverse of a square matrix 
{ }  
L J  row matrix 
METHOD 
The d i f f e ren t i a l  equation fo r  the s t ruc tura l  bending moments of 
hinged, teetering, and cantilever rotor  blades i s  s e t  - ~ p  i n  matrix form. 
Matrix expressions fo r  the de moment due t o  the various blade loadings 
are derived and added t o  f the  blade-moment equation. The differen- 
t i a l  equation i s  f irst  derived i n  a generalized form and is  later adapted 
t o  (1) the case where the rigid-blade aerodynamic loads are known from 
design calculations and the  flesible-blade s t ruc tura l  moments or deflec- 
t ions,  or  both, are desired; (2) the case where the  blade s t ruc tura l  
moments are known from strain-gage t e s t s  and the t o t a l  aerodynamic 
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moment, including aerodynamic damping, i s  desired; and ( 3 )  the case 
where the aerodynamic loads have been measured and the s t ruc tura l  moments 
are  desired. The procedure fo r  obtaining the rotating-blade character- 
i s t i c  matrix is  a l so  presented so that the  natural modes and frequencies 
may be determined. 
Blade Loadings 
I n  the calculation of spanwise bending moments, a tors ional ly  r ig id  
rotor  blade or i t s  equivalent (an e l a s t i c  blade f o r  which the section 
moments a re  zero and the aerodynamic center, e l a s t i c  axis, and center of 
gravity coincide) may be t rea ted  as a simple beam subject t o  numerous 
superimposed loadings. If chordwise e f fec ts  are excluded, the blade i n  
the forward f l i g h t  condition i s  subjected t o  the following dis t r ibuted 
loads : 
(1) The aerodynamic load La (excluding the aerodynamic damping 
ef fec t  which is  direct ly  proportional t o  blade flexure plus flapping 
deflection velocity; see i t e m  5 )  
(2) The centrifugal load F 
( 3 )  The blade weight L, 
(4) A normal ine r t i a  loading due t o  ve r t i ca l  accelerations L i v  
( 5 )  An aerodynamic damping load L a  (defined by eq. ( 5 ) ) ,  di rec t ly  
proportional t o  blade deflection velocity due t o  both flapping and 
flexure 
(6) The blade s t ruc tura l  damping load Lds 
The combined moments of these s i x  loadings are balanced by the blade 
in te rna l  mament due t o  blade bending resistance.  
Derivation of Blade Moment Equations 
The blade geometry, the  forces acting on an infinitesimal ele- 
ment of the  blade under forward-flight conditions, and the  resul t ing 
force system are shown i n  figure 1. From figure 1 it i s  seen tha t  the 
bending moment Mrn at any s ta t ion  r n  due t o  the loads acting on the  
blade is given by: 
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The matrix equivalent of equation (1) may be writ ten i n  the form 
Equation (2) corresponds t o  a step-diagram representation of t h e  
2v and 2H loadings of equation (1). The [r] matrix i s  an integrating 
matrix with values that depend on the s ta t ions  and integration method 
used. The LFJ matrix incorporates the values of the horizontal loads 
{LiH} (dbensional  with respect t o  ro tor  speed) as w e l l  as integrating 
numbers. The [r] and [F] matrices are derived i n  the  appendix. 
Substituting the  f ive  components of {Lv} enumerated previously 
in to  equation (2) yields the  following bending-moment equation of the  
combined loadings: 
Equation (3) is the general form of the equation f o r  blade bending 
moment used i n  t h i s  study and pertains t o  hinged and cantilever blades 
i n  hovering and forward f l i g h t .  In  order t o  obtain the blade bending 
moment fo r  any specif ic  loading condition, the matrix expressions f o r  
the various loads acting are substi tuted in to  equation ( 3 ) .  
Loading matrices.- The expressions for  the various component loads 
i n  equation ( 3 )  become quite simple i f  equation (3) is r e s t r i c t ed  t o  the 
expression of the  moments due t o  loadings of a single frequency. 
t o t a l  aerodynamic loads on the blade may be broken down i n t o  components 
which are  of a sinusoidal nature, and the  standard procedure is t o  
develop equation (3) fo r  the moment due t o  a single frequency. 
posit ion may then be used t o  obtain the  t o t a l  moments due t o  a l l  of the 
harmonic components on the blade. The loading matrices which appear i n  
equation ( 3 )  are given by the  three following equations. 
The 
Super- 
For a par t icular  frequency 03 of the  applied sinusoidal load, the  
ve r t i ca l  i n e r t i a  loads {Liv} are given by 
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biv} = u.9 Llm J I4 
where the elements of the r m J  matrix are the masses of the blade 
elements . 
The aerodynamic damping loads 
{Laa} = i S h [ I A J  
are given by 
{zl 
7 
(4)  
( 5 )  
where the diagonal matrix €A] is equal t o  [-$ pacr 
The elements of the  f A 3  matrix can be deduced from steady aero- 
dynamics f o r  the l i f t  on a section of chord c and length & ro ta t ing  
a t  uni t  angular velocity and with a un i t  normal velocity. 
The s t ruc tura l  damping moment [r](Lds) is given by 
Moments and deflections a t  a single frequency.- The blade Zoadings 
at  a par t icular  frequency u) (eqs. (4) , ( 5 ) ,  and (6))  may be substi tuted 
in to  equation ( 3 )  i n  order t o  obtain the  equation f o r  the blade moment i n  
terms of the s t ruc tura l  moment, the aerodynamic moment, and the blade 
deflections as 
The deflection (2) i n  equation (7) is  composed of the f lexura l  
The f lexura l  bending bending and the e f fec ts  of blade-root rotation. 
i s  defined i n  the  appendix as 
The t o t a l  blade deflection including root rotat ion is, therefore, 
given by 
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For small angles 
based on assumptions of small angles, ph is  assumed equal t o  t an  ph. 
Equation (9) , therefore, becomes 
tan  ph = ph, and i n  the equations t o  follow, which are 
Substi tuting equation (10) into equation (7) yields the  following 
re la t ion  between the aerodynamic loads and the  s t ruc tura l  moments for 
the  f lex ib le  blade: 
where 
[Mzv] = [lrI€mZ1 
The pa r t i t i on  l ines  of equation (11) effect ively separate s t ruc tura l  
moment e f fec ts  from root slope effects ,  both of which a c t  t o  balance the  
aerodynamic moment. If the root slope ph is  s e t  equal t o  zero, the  
terms pertaining t o  the root slape drop out and the resu l t ing  equation 
i s  the equation f o r  a cantilever-blade bending moment. 
blade equations are given i n  d e t a i l  i n  a subsequent section. 
The cantilever- 
Equation (11) may be inverted i n  order t o  obtain the  reciprocal 
matrix re la t ion  
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where 
{Ma} = 1r1 {La} 
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Equation (12) gives the  s t ruc tura l  moment {M.} and root slope ph 
on the - ro t a t ing  hinged blade i n  terms of the applied aerodynamic moment 
{Ma}. 
is proportional t o  the t o t a l  deflection velocity. 
The equation includes the e f fec t  of the aerodynamic damping, which 
When calculations a re  t o  be made for many ro tor  speeds, it is advan- 
tageous t o  put equation (12) i n  the form 
where the matrix [N] i s  evaluated for each harmonic, and 
The matrix CN] need be evaluated only fo r  each harmonic number. 
Hovering condition. - Equation (12), which w a s  derived for the  
forward-flight condition, would a l so  apply t o  the hovering condition i f  
~~ .
the  terms which per ta in  t o  the  blade ve r t i ca l  velocity and acceleration 
are omitted. g = 0 
and u) = 0; and the equation fo r  hovering becomes 
Because the hovering aerodynamic loads axe steady, 
Cantilever-blade equations.- If the  blade-root angle p, is  zero 
i n  equations (12) and (l5), the  result is  the  equation f o r  the cantilever 
blade i n  forward f l i gh t :  
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o r  
I f  the calculations a re  t o  be made for,numerous rotor  speeds, equation (17) 
may be put i n  the  same form as equation (13) .  
The cantilever-blade equation f o r  the hovering condition is: 
C A L U T I O N  PROCEDURES 
Matrix Evaluation 
The calculation procedures presented a re  i l l u s t r a t e d  f o r  the hinged 
The d e t a i l s  given per ta in  t o  the  ten-segment breakdown of the blade. 
blade load, weight, and s t i f fnes s  d is t r ibu t ion  shown i n  f igure 2. The 
procedure f o r  e i the r  a cantilever or a tee te r ing  blade is  a simplifica- 
t i o n  of the hinged-blade case. The par t icu lar  blade-section breakdown 
i n  the matrix tab les  (see f ig s .  2 and 3 )  w a s  selected t o  provide more 
s ta t ions  near the  root of the  blade where rapid changes i n  blade moment 
and s t i f fnes s  occur. The nuniber of blade elements used may be increased 
by the procedures given i n  the appendix f o r  increasing the  order of each 
matrix. 
suf f ic ien t .  
However, it is  believed tha t  f o r  most blades t en  s ta t ions  a r e  
In  order t o  apply the hinged-blade equations, it is first necessary 
t o  evaluate the various matrices i n  the equations. The hinged-blade 
equation, previously given as equation (12), i s  
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~~~ = ~1.0 + ig)  i-----+---] €1.01 i (0) + Q2[F] [%]I {r - h)] - 
LoJ : o I 
The s t ruc tura l  damping coefficient g i s  a function of the fre- 
quency, and the  value used should correspond t o  the value of LD for 
which the equation is  being evaluated. The matrix ------4--- is  an 
ident i ty  matrix where the zero, as the  last element on the  diagonal, 
imposes the condition of zero s t ruc tura l  moment a t  the  blade hinge. 
This matrix is  given i n  tab le  I. The matrix [F] expresses the moment 
on the  blade caused by the  centrifugal forces acting on the  deflected 
blade. The [F] matrix i s  given i n  tab le  11. The matrix [ZM]! {r - h>l 
expresses the blade deflection caused by the s t ruc tura l  moment and the 
root slope. This matrix i s  given i n  t ab le  111. The matrix [Mzd 
expresses the  ve r t i ca l  i n e r t i a  moment i n  terms of t he  blade deflection. 
The cMzv] matrix is given i n  table  I V .  The [r] matrix i s  an inte-  
grating matrix which expresses the moment of a loading and i s  given i n  
table V. The matrix [Ad expresses the  aerodynamic damping load i n  
t e r m s  of the blade deflection. The matrix [A] is given i n  tab le  V I .  
€1.0] I(o} 
[Lo, I 0 1  
The number of d ig i t s  needed i n  the  evaluation of the  various matrices 
and i n  the succeeding operations fo r  t he  most accurate r e su l t s  has not 
been rigorously established. However, l imited experience has shown that 
carrying the basic  masses, distances, s t i f fnesses ,  and so f o r t h  t o  four 
d i g i t s  and, i n  succeeding operations, allowing the number of d i g i t s  t o  
accumulate t o  a maximum of t en  gives good resu l t s .  
f i l l i n g  out the given matrix tables  is as follows: 
The procedure-for 
(1) Set up the ident i ty  matrix as shown i n  tab le  I, which is  
already completed i n  i t s  en t i re ty  and may be used as is. 
(2)  Obtain the weight dis t r ibut ion f o r  the  blade and break it down 
in to  ten  elements of equal length. Determine the  mass of each element. 
Use the product m r  f o r  each element as described i n  the  appendix, and 
f i l l  out table  11. 
( 3 )  Obtain the  s t i f fnes s  dis t r ibut ion fo r  the blade and break it 
down into the smaller elements shown i n  f igure 2. U s e  these s t i f fnes s  
values and the values of @ and f i l l  out tab le  111. 
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(4) Use the mass values of i t e m  2 and f i l l  out tab le  I V .  
( 5 )  Substi tute the value of L r  in to  tab le  V. 
(6) U s e  the  values of t he  chord of each element, the  l i f t -curve 
slope of each element, the radius t o  the center of each element, and 
the  values of p and &, and f i l l  out tab le  V I .  
Application t o  the Hinged Blade 
The equations for  the  hinged blade are applied t o  those problems 
which a re  believed t o  be the  most general. The cases discussed include 
the  determination of (1) the  flexible-blade s t ruc tura l  moment due t o  
the  rigid-blade aerodynamic loads; (2) the  s t ruc tura l  moment due t o  the  
measured aerodynamic loads; (3) the  moment of the  t o t a l  aerodynamic 
loading as determined from the  measured s t ruc tura l  moment; and (4) the  
aerodynamic damping load. 
modes and frequencies of t he  blade is  a l so  discussed since, i n  some 
cases, t h i s  information may be desired. 
The procedure f o r  obtaining the  natural  
Structural  moment due t o  rigid-blade aerodynamic loads.- The stand- 
ard design pract ice  i s  t o  obtain the rigid-blade t o t a l  loading from - -  
rigid-blade aerodynamic load and ine r t i a  balance equations. The r ig id-  
blade aerodynamic and i n e r t i a  loads are then applied t o  the f lex ib le  
blade which is considered t o  f l e x  about t he  rigid-blade position. This 
procedure i s  equivalent t o  the  application of the rigid-blade aerodynamic 
load only (minus an aerodynamic damping component which is proportional 
t o  5) t o  the equation f o r  the  f lex ib le  blade which w a s  derived as equa- 
t i o n  (12) and i n  which the  deflections are referenced t o  the  plane of rota- 
t i o n  perpendicular t o  the shaft. The equivalence of the standard design 
procedure and the  procedures of the present method i s  proved by the 
following: 
The rigid-blade t o t a l  load (aerodynamic plus ine r t i a )  which is nor- 
mally applied t o  the  f lex ib le  blade (considered t o  flex about the  r ig id-  
blade posit ion) i s  given by 
2 Lrigid - (La)rigid - mrij - mu rg 
t o t a l  t o t a l  
where the  terms on the  right-hand s ide of the  equation represent the  
rigid-blade aerodynamic, ver t ical- iner t ia ,  an& centrifugal-inertia loads, 
respectively. 
terms of moment, it is  useful t o  convert equation (19) t o  i ts  moment 
equivalent. 
the  matrix form. 
Since the equations of the  present method are wri t ten i n  
Also, it i s  useful t o  express each term i n  equation (19) i n  
Thus, equation (19) becomes 
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where the terms on the right-hand side of the equation a re  the r ig id-  
blade aerodynamic, ver t ical- iner t ia ,  and centr i fugal- iner t ia  moments, 
respectively. 
If the rigid-blade moments given by equation (20) are applied t o  the 
f lex ib le  blade, which is  cansidered t o  f l e x  about the rigid-blade posi- 
t ion,  the following equation resul ts :  
Moment of rigid-blade loading 
/- 
A , 
+ 2 [qv] (Zrigid} - "*LF1 {'rigid} = Er] (La) r i g i d  {  total^ 
Moment of flexible-blade loading 
/- 
A 
The terms on the right-hand s ide of the equation give the moments 
associated with the blade deflection {zflex) about the rigid-blade 
posit ion.  These terms, from l e f t  t o  r igh t ,  represent the blade-bending, 
the centrifugal-inertia,  the  ver t ical- iner t ia ,  and the aerodynamic- 
damping moment, respectively. Equation (21) implies that the blade 
moments resul t ing from the flexible-blade deflections must balance the  
applied rigid-blade moment. The f lex ib le -  and rigid-blade deflections 
I f  it is  recognized that 'flex 
zflex plus Z r i g i d  is equal t o  the deflection z (measured with 
respect t o  the plane of rotat ion)  and i f  the terms of equation (21) are 
collected, then the following equation resul ts :  
and 'rigid are  shown i n  f igure l ( b ) .  
crl (La)rigid = (1.0 + ig){Ms) + n2[F] {z) - m 2 [ i d  {z) - { t o t a d  
Adding the term -isbu[r][AJ { Zrigid } t o  both sides of equation (221, 
collecting terms, and rearranging yields  
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where 
Equation (23) is recognizable as equation (7) where (La> i s  
defined as the t o t a l  rigid-blade aerodynamic load minus a component 
which is proportional t o  the rigid-blade deflection velocity. 
equation (7). 
The matrix 
is equal t o  the  matrix multiplication [rjrrn] shown i n  lM4  
Substituting {zrigid) = {r - h}B i n  equation (24) yields  
The flexible-blade moments, therefore, may be determined by applying 
equation (25) (the rigid-blade t o t a l  aerodynamic load minus a rigid-blade 
deflection-velocity load) t o  the flexible-blade equation (eq. (12)) which 
is referenced t o  the  plane of rotation. 
I n  order t o  obtain the flexible-blade s t ructural  moment due t o  
rigid-blade airloads: 
(1) Obtain the  rigid-blade t o t a l  aerodynamic load f o r  each harmonic 
and remove the  flapping ef fec ts  by using equation (25). 
(2) Use the loading ju s t  obtained along with the previously deter-  
mined matrices, and obtain the moment by means of equation (12). 
The reason the  rigid-blade loads were handled i n  t h i s  manner w a s  t o  
keep the  blade equations referenced t o  the plane of rotat ion i n  order t o  
provide fo r  more general applications. 
Structural  moment due t o  measured airloads.-  The procedure for the  
cese of measured airloads i s  as follows: Since measured loads include 
a l l  aerodynamic damping effects ,  the aerodynamic damping term is dropped 
from equation (12) and the aerodynamic moment {Ma} i s  given by 
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{Ma} = [r] (Ltneasured}' Equation (12) is then applied by use of the pre- 
determined matrices t o  obtain the structural moment- 
If the hinged-blade equations a re  used with measured airloads where 
o = fl and the equations involve no aerodynamic damping, the last row 
and last column automatically drop out of equations (ll) and (12) when 
the matrix multiplications are  performed, and 
i n  the solution. This behavior of the equations i s  consistent with the 
physical concept of blade rotation i n  the plane of no flapping or r ig id  
mode resonance. 
Bh i s  no longer involved 
Moment of t o t a l  aerodynamic loading as determined from measured 
structural  moment.- A requirement fo r  determining the t o t a l  aerodynamic 
moment i s  t h a t  the blade flapping angle at  the root of the flexible 
blade Ph be measured as well as the structural  moment. The procedure, 
then, is to apply equation (11) and drop the aerodynamic damping term 
from the equation because the structural  moments are  a resul t  of the 
t o t a l  loads applied t o  the blade. 
The aerodynamic moment obtained is thus the t o t a l  aerodynamic 
moment and includes the moment due t o  a l l  of the aerodynamic damping 
loads. 
Aerodynamic damping loads.- In  some of the foregoing applications 
it m y  be desired t o  determine the aerodynamic damping load or moment 
which is proportional t o  the blade t o t a l  deflection velocity 5 
order t o  remove these effects from the measured data. 
moment l inear ly  related t o  the deflection velocity are given by 
i n  
The load and 
\ 
and 
The values of {F:} may be either from measurements or from eal- 
culations for  the lower harmonics, but 
calculated fo r  the higher harmonics because of i ts  extremely small 
magnitude. 
Ph would probably have t o  be 
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Determination of blade natural modes and frequencies.- If the  blade 
ro ta t ing  natural modes and frequencies are desired, the procedure f o r  
t h e i r  determination i s  as follows: 
(1) Solve equation (15) fo r  unit  loads applied at the  center of 
each of the ten  blade elements. 
(2) Use equation (10) and the resu l t s  of s tep (1) and determine the  
deflections due t o  the  uni t  loads. 
( 3 )  Set up the  numbers from step (2) i n  matrix form, postmultiply 
r m l ,  and follow standard i t e r a t ion  proce- by the diagonal mass matrix 
dures. (See r e f .  6.)  
The ten-element breakdown of the blade al lows ten  degrees of free- 
dom and thus permits the calculation of ten natural modes and frequen- 
cies; however, the use of the standard i t e r a t ion  procedure f o r  obtaining 
accurate r e su l t s  above the fourth natural  frequency is  rather  d i f f i c u l t  
because the  i te ra t ions  converge slowly a t  these higher frequencies. 
Application t o  Cantilever and Teetering Blades 
The foregoing procedures w e r e  based on the hinged blade. When the 
problem i s  fo r  a cantilever blade, the only change i s  t o  use the corre- 
sponding cantilever-blade equation and matrices. The cantilever-blade 
equivalents of the  hinged-blade equations (10) and (25) a re  not given 
b u t  are  obtained by making ph and p equal t o  zero i n  these equations. 
The cantilever-blade matrices are  given i n  tables  I through V as the 
e l p e n t s  above and t o  the le f t  of the dashed par t i t ion  l ines .  
In  an analysis of a teeter ing blade, the even harmonic loadings are 
considered as applied t o  a cantilever blade; the odd harmonic loadings 
are considered as applied t o  the  hinged blade. The reasons fo r  the d i f -  
ferent  considerations f o r  different  harmonics is  tha t  even harmonic 
loadings are symmetrical loadings, t ha t  is, of equal sign on both sides 
of the hub; the  odd harmonic loadings are unsyrmnetric. 
NUMERICAL EXAMPLES 
In  order t o  i l l u s t r a t e  the method, it i s  applied t o  a cantilever 
and t o  a zero-offset hinged blade. 
and s t i f fness ,  with the exception that  the s t i f fness  of the hinged blade 
w a s  zero a t  the hinge. The weight and s t i f fnes s  dis t r ibut ions are given 
i n  figure 4. 
Both blades were of the  same weight 
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The aerodynamic loading applied t o  the hinged blade i n  forward 
f l i g h t  is shown i n  figure 5(a). 
harmonic of measured blade air loads as defined by 
The loadings shown are p l d s  against  
coeff ic ients  f o r  the  first spanwise s ta t ion  of assumed Z1,c and 21,s 
By using the loading of f igure 5(a) and the  weight and s t i f fnes s  of the  
blade shown i n  figure 4, the  s t ruc tura l  moment coefficient shown i n  
figure 5(b) w a s  calculated by means of equation (12). 
damping term of equation (12) w a s  dropped because measured loads already 
included aerodynamic damping ef fec ts .  The e f fec ts  of s t ruc tura l  damping 
were not included, although the inclusion of s t ruc tura l  damping i n  the  
equations should improve the accuracy of the  calculations f o r  the  case 
where the blade i s  near resonance. However, near blade resonance, the 
e f fec ts  of s m a l l  e r rors  i n  the  calculated blade weight and s t i f fnes s  on 
the calculated r e su l t s  a re  l i ke ly  t o  be large, and the problem requires 
extreme accuracy i n  a l l  components. 
The aerodynamic 
The s t ruc tura l  moments calculated by the modal method of reference 3 
fo r  the loading of figure 5(a) a re  a l so  shown i n  f igure 5(b).  
calculations the first four natural  ro ta t ing  modes and frequencies were 
used i n  equations of reference 3 .  
dropped from the  equations. The mode shapes and natural  frequencies 
were obtained by the  method previously outlined i n  the calculation pro- 
cedures. 
obtained by the two methods is very good. 
For these 
The aerodynamic damping terms were 
A s  can be seen i n  figure 5(b), the  agreement of the r e su l t s  
The aerodynamic loading applied t o  the cantilever blade w a s  the  
forward-flight second-harmonic loading shown i n  figure 6(a).  
loadings shown are p lo ts  against spanwise s ta t ion  of assumed 
The 
22,c and 
coeff ic ients  fo r  the second harmonic of measured airloads as 22,s 
defined by 
This loading and the  weight and s t i f fnes s  dis t r ibut ion of figure 4 w e r e  
used i n  equation (17) t o  calculate the  s t ruc tura l  moments shown i n  
f igure 6(b). Also shown i n  figure 6(b) are the r e su l t s  obtained by the  
method of reference 3 by using the same aerodynamic load (from f i g .  6(a)) 
and four rotat ing symmetrical modes and natural frequencies. The r e su l t s  
calculated by the  present method and by the method of reference 3 are  
seen i n  the f igure t o  be i n  good agreement. 
The s t ruc tura l  moments on the  rotat ing hinged and cantilever blades 
caused by 100-pound loads applied a t  various spanwise s ta t ions  are given 
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i n  figures 7 and 8. 
and (18). By using the curves fo r  the manent on the cantilever blade 
caused by 100-pound loads a t  various s ta t ions  and the  aerodynamic loads 
measured a t  various s ta t ions i n  the hovering test  of reference 7, t he  
s t ruc tura l  moments i n  hovering were calculated. The calculated moment 
and the  blade deflections f o r  the  hovering condition are shown i n  f igure 9. 
The moments w e r e  obtained by the  use of equations (15) 
The various matrices used i n  the  example calculations are shown i n  
tables VI1 t o  X. 
l ines  per ta in  t o  the cantilever blade. 
elements per ta ins  t o  the hinged-blade case. 
The elements above and t o  the  le f t  of the  pa r t i t i on  
The matrix of a l l  of the given 
CONCLUDING RESIARKS 
A matrix method has been derived f o r  determining the  s t ruc tura l  
moment and deflections of hinged, teetering, and cantilever blades. The 
method avoids any preliminary mode shape, natural frequency, o r  quasi- 
s t a t i c  calculations and, as a resu l t ,  is comparatively short  and involves 
only standard matrix procedures. 
The equations are well suited t o  t h e  determination of the blade 
bending moment at  various ro tor  speeds and f o r  numerous loadings. The 
method puts no r e s t r i c t ion  on the blade deflection shape and thus permits 
the blade t o  assume more complex shapes that could be simulated by the  
superposition of four natural  modes, as i s  usually employed i n  a modal 
method of solution of the d i f f e ren t i a l  equation for  blade bending moment. 
Thus, the present method should give more accurate r e su l t s  than the modal 
solution f o r  the  higher harmonics, where the  blade deflection and load 
dis t r ibut ion are of a more complex shape. 
The method includes the ef fec ts  of the  primary i n e r t i a  and damping 
loads on the blade and also incorporates mainly the  following assumptions: 
(1) small angle consideration, (2) s tep diagram of the  blade mass and 
s t i f fness ,  ( 3 )  s tep  integration procedures, and (4) steady average aero- 
dynamic considerations i n  the damping terms. I n  addition, the method 
does not include the  e f fec ts  of: 
with blade deflection, (2) variation of ro tor  speed with azimuth angle, 
and ( 3 )  any tors ional  considerations. 
dis t r ibut ions may be removed by increasing the number of blade elements; 
however, f o r  most blades t en  elements should be suff ic ient .  
(1) radial change of mass posit ion 
Some of the effects of the s tep  
The inclusion of s t ruc tu ra l  darnping i n  the equations should improve 
the accuracy of the  calculations fo r  the  case where the  blade is  near 
resonance. However, near blade resonance, the  e f fec ts  of small e r rors  
i n  the calculated blade weight and s t i f fnes s  on the calculated r e su l t s  
are l ike ly  t o  be large, and the  problem requires extreme accuracy i n  a l l  
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components. These unfavorable factors,  i n  some cases, could be somewhat 
of fse t  by experimental determination of the elements of the influence 
coefficient m t r i x  and the mass of the blade elements and by some 
experimental estimate of the  s t ruc tura l  damping. 
blade i s  not near resonance with one of the  applied load frequencies, 
the s t ruc tu ra l  damping term is  r e l a t ive ly  unimportant and may be dropped 
from the equations f o r  blade bending moment. 
LZM] 
I n  cases where the 
Langley Aeronautical Laboratory, 
National Advisory Comittee f o r  Aeronautics, 
Langley Field, Va. ,  May 7, 1958. 
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BASIC INTEGRATING MATRICES 
Moment of an Arbi t rary Load.ing 
The general bending-moment equation (eq. (1)) is given as 
In this section the matrix equivalent of the expression 
is derived. 
The integration of equation ( A l )  may be accomplished by using a 
procedure based on step, trapezoidal, o r  parabolic representation of the 
loading. 
is considered t o  ac t  at the  center of each step. 
In  the  present method the s tep  diagram is used, and the load  
The procedure for obtaining the moment of a loading is  as follows: 
(1) The loading is  replaced by a system of equivalent concentrated 
loads as shown i n  the  following sketch: 
Arbitrary load. s t a t ion  arrangement 
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M1 M2 M 3  M4 
I I I 1 
4 9  m n 
'M3 "-' a4 .I 
(2) The moment due t o  the loading is  desired a t  the s ta t ions shown 
i n  the following sketch: 
- 
I- 
r M l  r M l  r M l  r M l  
rM2 rM2 rM2 rM2 
rM3 'M3 rM3 rM3 
rM4 'M4 'M4 rM4 
L 
The loads are  centered fo r  10 equal s ta t ions at 0.05(R - h),  O. l? (R - h), 
0.25(R - h), and so for th ,  whereas the  moments a r e  taken at  s ta t ions  
0 . 8 5 ( ~  - h),  0.75(R - h), and so fo r th  except near the  root where s ta t ions 
a t  0.0125(R - h) and 0 .0623(~  - h) are used t o  include possible hub 
ef fec ts .  
With the  arrangement just shown the moment equation i s  given as 
'L2 
%2 
rL2 
L2 r 
In equation ( A 2 )  any elements of negative sign resul t ing from the  
subtraction are  t o  be replaced by zeroes since the moment contribution 
of the loads inboard of a moment s ta t ion  is zero. 
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/ \ 
M. 85 
M.75 
M.65 
M. 55 
M.45 
M- 35 
M.25 
M.15 
M.0625 
M.0125 
------ 
Mo 
c- 
I f  the rectangular matrix of equation (A2) is symbolized by [rJ, 
then equation (A2) may be writ ten as 
1 
2 
3 
4 
5 
6 
7 
8 
? =  
8.87 
9-37 
---- 
9.5 
, r  
I.> = (1.1 {.) 
- 
0 
0 
0 
0 
0 
O 0
0 
0 
0 
0 - 
which is  the matrix equivalent of 
r \ 
L.95 
L.85 
L.75 
L.65 
L.55 
Fljt::: ’ 
L.25 
L. 15 
L.0625 
L.05 
L.0125 
where the in tegra l  is t o  be evaluated at  a selected number of s ta t ions .  
The [r] matrix is given i n  table  V fo r  the ten load and moment 
s ta t ions  of f igures 2 and 3 .  The matrix of table  V may be extended t o  
include more s ta t ions  by expanding the equation {M} = [r] {L} as shown 
i n  equation (Ah), where the rectangular matrix postmultiplied by the 
diagonal matrix is  equal t o  the [r] matrix. 
5 
6 
6.87 
7.37 
4 
5 
5.87 
6-57 
3 
4 
4.87 
5.37 
---- 
5.5 
0 
1 
2 
3 
3.87 
4.37 
1 
2 
2-87 
3.37 
0 
1 
1. a7 
2-37 
0 
0 
0 
0 
0 
0.87 
1- 37 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0.37 
0.5 
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To extend the matrix t o  more stations, continue the given number 
sequence of the r e c t q u l a r  matrix and obtain more rows at the top and 
more columns on the l e f t .  Keep unity numbers on the diagonal and zeroes 
on the right.  The moment stations are then the given stations (shown i n  
table V) multiplied by lo/%, (where  
elements), and the obtained sequence is continued columnwise in order t o  
provide additional stations. For example, the elements of the f i r s t  
column of a 20-station arrangement would be 1, 2, 3, 4, 5,  6, . . . 16, 
17, 18.87, 19.37, and lg .5(r  - h)/(R - h); the load stations would be 
0.025, 0.075, 0.125, 0.175, . . . 0.925, and O.g75(r - h)/(R - h); and 
the moment stations would be 0, 0.00625, 0.03125, 0.0725, 0.125, 0.175, . . . 0.875, and O.g25(r - h)/(R - h).  
is the new number of blade 
Moment Due t o  Horizontal Forces Acting on a Deflected Blade 
The general bending-moment equation of the text  (eq. (1)) is 
In  th i s  section the matrix equivalent of the expression 
i s  derived. 
The system of equivalent horizontal concentrated loads, as shown i n  
the following sketch, is again used, although some other representation 
might produce s l ight ly  more accurate results a t  the expense of simplicity. 
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A t  s ta t ion  '1 the moment due t o  horizontal centrifugal forces may 
be writ ten 
Collecting 
as 
terms and writing equation (A6) i n  matrix form yields 
If t h i s  procedure is  now applied and extended t o  obtain the  moments due 
t o  the centrifugal i ne r t i a  forces at ten  selected moment s ta t ions on the 
blade, the following matrix equation results: 
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where 
25 
k 9  
n2 
F = m g r g = -  9 
h 
LH1 
il2 
F1 = mlrl = -
If the rectangulas matrix of' equation (A8)  is symbolized by [F] 
(given as table 11), then equation (A8)  may be writ ten i n  shorter form 
as 
which is the equation Mrn = - ZH(Z - %)dr i n  matrix form and is 
Jrn 
t o  be evaluated at selected s ta t ions.  The moments MiH a re  the moments 
on the blade caused by the  centrifugal forces acting on the  deflected 
blade. 
In  order t o  extend the matrix equation (A8) t o  n s ta t ions,  make 
a l l  of the negative summations on the shown diagonal go from Fn t o  Fkr 
where k is  the subscript of the  F values in  the preceding column as 
i l l u s t r a t ed .  The elements off the diagonal of summations are obtained 
by extending the indicated sequence t o  Fn. The new moment and deflec- 
t i o n  s ta t ions are 
sequence is extended columnwise f o r  additional s ta t ions.  The new blade- 
element arrangement has t o  have equal-length increments 
10/ne times the given stations,  and the  obtained 
&. 
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Blade Deflection Due t o  S t ruc tura l  Moments 
For the blade the general bending-moment equation of the t ex t  
(eq. (7)) is given as 
+I In  subsequent derivations, a matrix expression fo r  the deflection 
is required. The deflection (z} is composed of a component due t o  
the flexible-blade root slope and a component due t o  blade bending. 
t h i s  section a matrix expression f o r  the deflection component due t o  
blade bending is  derived. The derivation involves establishing the 
matrix equivalent of the analyt ical  expression 
In 
The derivation of the required matrix expression is i l l u s t r a t e d  herewith. 
The integration is first i l l u s t r a t e d  with four s ta t ions  and then extended 
t o  more s ta t ions .  
I The blade s t i f fnes s  and s t ruc tu ra l  moment d is t r ibu t ions  are repre- 
sented by the following s tep  diagrams: 
Blade s t i f fnes s  d is t r ibu t ion  
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I Ar I A r  I 
M 
.025 .1 .2 - 3  
Blade  moment distribution 
The segmental arrangement just noted could be made differently, but 
(1) it the particular arrangement shown was chosen for the reasons that: 
permits a large change of blade s t i f fness  at the blade hub, and (2) it 
gives a moment s ta t ion where there are large changes i n  moments when the 
methods are applied t o  the hinged blade. 
The blade angles /3r resulting fromthe bending deflections are 
r 
0 E1 
the eq. Pr = >& &) giyen by the equation Pr = 
and can be deduced, for example, from the foregoing distributions as 
follows : 
A t  (. - h, = 0.025, 
(R - h) 
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These d is t r ibu t ions  may be wri t ten i n  matrix form as follows: 
B .  025 
B.10 
P.20 
P.30 
0 
0 
Ar - 
E13 
E13 
Dr - 
0 
0 
0 
& 
M 1  
M 2  
M3 
M4 
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In  order t o  extend the procedure t o  obtain the deflections i n  
terms of the moments, the following sketch proves helpful: 
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Extending and collecting terms and writing i n  m t r i x  form yields the 
following: 
2.05 
z.15 
2.25 
2*35 
- 
0 0 
- 0  3 $  
-2 g z 2  2 &  -  
4EI2 E13 
Symbolizing the square matrix by [Q] gives equation ( ~ 1 2 )  as 
Rearranging equation (Al2) t o  have the blade t i p  values i n  the 
upper rows and extending t o  obtain deflection values a t  t h e  twelve 
selected s ta t ions resu l t s  i n  the  following matrix. 
and 3 for  s t a t ion  location and the def ini t ion of the elements.) 
(See f ig s .  1, 2, 
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2.95 
z.85 
2.75 
2.65 
".55 
2.45 
2.35 
=.25 
2.15 
2.0625 
z.05 
'. 0x25 
8 - 
:I10 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
3 3  4 s  
E I ~  E I ~  
-2 cur 
0 -  
E17 
0 0 
0 0 
0 0 
0 0 
-2 crr 2E2 - -
E I ~  E I ~  
-2 
O &  
0 0 
0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 
0 
0 
0 
-2 
O L V l  
E13 
0 0 
0 0 
0 0 
0 0 
32 
Equation (Al4) may be written as follows: 
< 
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r 
= .95 
?85 
2.75 
2.65 
z.55 
2.45 
4 
2.35 
z.25 
?15 
=. 0625 
?05 
2.0125 
L 3 
E 
4 
4 
3 
2 
1 
0 
0 
0 
0 
0 
0 
0 
0 
6 8 
24 
4 
-7 
21 
4 
-6 0 1 
0 
0 
0 
0 
0 
0 
0 
0 
0 
5 
4 
3 
2 
1 
0 
0 
0 
0 
0 
18 
4 
-0 5 
4 
12 
4 
-3 
e 
4 
2 0 
6 
4 
- 1 0 0 
- 3 
4 
0 0 0 
3 
32 
- 0 0 0 0 
0 0 0 
0 0 0 
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To extend t o  more s ta t ions,  simply extend the established number 
Keep u n i t  values on the extended sequence i n  the rectangular matrix. 
diagonal and zeroes below. 
and deflection s ta t ions  is as previously discussed i n  the  
The procedure for obtaining the new moment 
[r] and I - -  
LF] matrix derivations. 
moment s t a t  ions . 
The values of E1 m u s t  per ta in  t o  the new 
The r e su l t s  obtained by using e i the r  equation (Al4) or (Al?) have 
been compared with resu l t s  obtained by graphical numerical double 
integration of a known M and E1 dist r ibut ion,  and the  r e su l t s  
agree very well. 
could be determined experimentally from the actual  blade. 
If desired, the elements of equation (Al4) or (Al5) 
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Moment station, (r - h) / (R - h) I 
' @h 0.85 0.75 0.65 0.55 0.45 0.35 0.25 0.15 0.0625 0.0125 I 
I 
1.0 0 0 0 0 0 0 0 0 0 10 
0 1.0 0 0 0 0 0 0 0 0 10 
- - 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
0 0 1.0 0 0 0 0 0 0 0 10 
0 0 0 1.0 0 0 0 0 0 0 1 0  
0 0 0 0 1.0 0 0 0 0 0 10 
0 0 0 0 0 1.0 0 0 0 0 1 0  
0 0 0 0 0 0 1.0 0 0 0 10 
0 0 0 0 0 0 0 1.0 0 0 10 
0 0 0 0 0 0 0 0 1.0 0 10 
0 0 0 0 0 0 0 0 0 1.0 I 0 
-r- - - - - -_ -_ -_ -_ -_ -_ - -________________  
0 0 0 0 0 0 0 0 0 0 10 
L I ,  
35 
Moment 
stat ion, 
r - h  -
R - h  
0. a5 
.75 
.65 
- 55 
.45 
.35 
- 25 
.15 
.0625 
.ox5 
- - - -  
0 
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TABLE 11. - CENTRIFUGALFORCE MATRM [F] 
p n  = Wn] 
Deflection station, (I - h)/(R - h) 
0.95 0.85 0.75 0.65 0.55 0.45 0.35 0.25 0.15 0.0625 0.05 0.0125 
O l  
FI.0 -%o 0 0 0 0 0 0 0 0 0 
F10 "9 - X I  Fn 0 0 0 0 0 0 0 0 0 
F9 Fa -E F, o 0 0 0 0 0 0 0 F10 
-10 
-9 
n=10 
d 3  
Moment 
station, 
r - h  
R - h  
0.85 
* 75 
.65 
.55 
-45 
.35 
- 25 
.15 
.0625 
.0125 
_ _ _ _  
0 
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~ 
Mrment station, (P - h)/(R - h) . 
0.85 0.75 0.65 0.55 0.45 0.35 0.25 0.15 0.0625 0.0125 I 
L k f l e C t i O n  
station, 
R - h  
0.55 
.e 
.75 
.6 
.55 
.45 
.35 
2 5  
.I5 
. e 5  
.05 
.a25 
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I I '  
0 0 0 0 0 0 0 0 0 0 1 0  
I 
I 
I 
~ o o o o o o o o o o l o  I 
I 
I 
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8 
8 
In 
In 
3 
9 
0 
In 
0 
I 
In 
0 
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In 
0 
M 
In 
2 
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'" 
ln 
0 
\9 
0 
? 
0 
m 
0 
0' 
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0 
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0 
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(a) Force system. 
(c) Geometry. 
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- 90° 
(b) Deflections. 
Figure 1.- Definitions of force and geometric symbols. 
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Spanwise station, r-h 
R-h 
10 
1 
Figure 2.- Hinged-blade segmental arrangement for the matrix tables. 
F1O 
0 
Spanwise stztion, r /R  
Figure 3.  - Cantilever-blade segmental arrangement for the matrix tables 
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r-h Spanwise station,  R-h 
(a) Spanwise variation of f irst  harmonic coefficients of blade airload. 
(b) Calculated spanwise variation of first harmonic s t ruc tura l  moment 
coefficients due t o  first harmonic airload coefficients.  
Figure 5.- Airloads and s t ruc tura l  moments fo r  hinged blade used i n  
numerical examples. 
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Spanwise s t a t i o n ,  r/R 
(a) Spanwise variation of second harmonic coefficients of blade airload. 
Spanwise stat i o n ,  r / R  
(b) Calculated spanwise variation of second harmonic structural moment 
coefficients due to second harmonic airload coefficients. 
Figure 6.- Airloads and structural moments for cantilever blade used in 
numerical examples. 
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r-h Spanwise s t a t i o n ,   R-h 
Figure 7.- Structural  moment on zero-offset rotat ing hinged blade due t o  
100-pound concentrated loads a t  various s ta t ions.  
.7 .8 .9 1.0 
Spanwise s t a t i o n ,  r/R 
Figure 8.- S t ruc tura l  moment on rotat ing cantilever blade due t o  100- 
pound concentrated loads at  various s ta t ions.  
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